In this paper, we study the evolution of L 2 one forms under Ricci flow with bounded curvature on a non-compact Rimennian manifold. We show on such a manifold that the L 2 norm of a smooth one form is non-increasing along the Ricci flow with bounded curvature. The L ∞ norm is showed to have monotonicity property too. Then we use L ∞ cohomology of one forms with compact support to study the singularity model for the Ricci flow on S 1 × R n−1 .
the completion of the space of smooth one forms with compact support with respect to the L 2 inner product on (M, g). Gaffney [9] proved that the Hodge decomposition theorem is still true on complete Riemannian manifolds. We mention another interesting result that L 2 harmonic functions are constants on complete Riemannian manifolds [20] .
By definition, the Ricci-Hamilton flow on a manifold M of dimension n is the evolution equation for Riemannian metrics:
where R i j is the Ricci tensor of the metric g := g(t) = (g i j ) in local coordinates (x i ) and T is the maximal existing time for the flow. Given an initial complete Riemannian metric of bounded curvature, the existence of Ricci flow with bounded sectional curvature on a complete non-compact Riemannian manifold had been established by Shi [19] . This is a very useful result in Riemannian Geometry. Interestingly, the maximum principle of heat equation is true on such a flow, see [19] . Then we can easily show that the Ricci flow preserves the property of nonnegative scalar curvature (see also [11] ). Given a smooth L 2 one form φ with compact support on a Riemannian manifold (M, g). Recall that its norm is defined by
for the flow {g(t)}. It is well-known that || || L 2 g is a norm on H 1 d R (M, R). We denote by d g (x, y) the distance of two points x and y in (M, g).
Our first result is 
along the Ricci flow g(t).
Our second result is the following: 
) is the infimum of the length of the curves a ∈ α in the metric g(t).
One example with such an α is M = S 1 × R n−1 .
Definition
We say that the Riemannian manifold (M ∞ , h) is the infinite time blow up limit of Ricci flow (M, g(t)) if there exist a sequence t k → ∞, a sequence λ k → ∞, and a point sequence (x k ) ⊂ M with limit x ∈ M ∞ with the blow up metric sequence g k (t), which is defined by
Note that for a smooth closed curve , the lengths of in the metric g(t k ) and
Using above and Theorem 2, we know (as in [12] ) that For the compact case, a similar interesting result at finite time blow up was proved by Ilmanen and Knopf [12] . By definition, the curvature decay at infinity for Ricci flow on complete non-compact manifolds means that each Riemannian metric g(t) has curvature decay of positive order at infinity. Recall that, for bounded smooth tensor φ on a complete (M, g), the meaning of the decay (of order σ > 0) at infinity is that for
The Ricci flow preserves the curvature decay at infinity, which was proved by Dai and Ma [5] . Since along the Ricci flow, we have that the decay at infinity is preserved, and the proof of above result is basically reduced to compact domains. So the proof for compact case in [12] can be carried to our case, so the detail shall be omitted.
We introduce some notations. Let φ = φ j dx j in local coordinates (x i ). Given Riemannian metric g, we denote by d g (x, o) be the distance between two points x and o. Set (g i j ) = (g i j ) −1 and R j i = g jk g ki .
Proof of Theorem 1
In this section, we first prove a useful lemma.
Lemma 4
The L 1 property of non-negative bounded solutions to the scalar differential inequality u t u is preserved along the Ricci flow with bounded curvature and non-negative scalar curvature. Furthermore,
Proof By approximation in L 1 , we can assume that the initial u(0) has compact support. Then we can use positive solutions to heat flow with initial data u(0) to control our u. The decay of positive solutions to heat equation was obtained in [5] 
as r → ∞. Here we have used the decay condition that u ∈ L p for every p > 1 small. By a direct computation, we have
Hence, we have
Sending r → +∞, we get that
Sending p → 1, we have that
which implies that u ∈ L 1 for each t > 0. The monotonicity of u comes clearly from the argument above.
We remark that for a compact Riemannian manifold, the corresponding result of above lemma is also true.
Let φ 0 ∈ be a closed one-form with compact support. We try to evolve φ 0 by the family of 1-forms φ(t) satisfying the heat equation
in the sense of Gaffney [9] (see also [18] ). We now recall the famous Bochner-formula for 1-form. Then we have
where = ∇ * ∇ is the rough Laplacian of g(t). Clearly, we have 1 2
It is clear that Lemma 4 implies Theorem 1. Then we have the following consequence of Theorem 1
Assertion 5 Let (M, g 0 ) be a complete non-compact Riemannian manifold with non-negative scalar curvature. Assume that g(t) is a Ricci flow with bounded curvature on
[0, T ) with initial metric g(0) = g 0 on M. Then for an L 2 harmonic one form φ, we have ||[φ]|| L 2 g(t) ||[φ]|| L 2 g(s) , f or t > s 0,
along the Ricci flow g(t).
The proof is just the combination of definition of norms of [φ] and Theorem 1.
Proof of Theorem 2
We write by
along the flow {g(t)}. We now consider Eq. (2.1) again. As in [5] (see also Theorem 18.2 in [11] ), using the maximum principle to 2.1 we know that |φ(t)| g(t) has a decay of any order at infinity and
Then we claim that
Assertion 6 | | g is a norm on H 1 d R (M, R).
Proof The triangle inequalities and homogeneity are straightforward. We only need to show the positivity. Assume that | | g = 0. Then we can choose a sequence of smooth forms {φ k } with compact support in the class such that ||φ k || g → 0. Take any smooth φ ∈ with compact support. So we can assume that
for some uniform constant. Then for each k, we can write by
for some smooth function F k with compact support (see [20] ). Hence,
By adding a constant to each F k , we can assume that F k (o) = 0. Then we can have an uniformly locally convergent subsequence, still denoted by {F k }, with limit F a Lipschitz function with F(o) = 0. This implies that
Then we conclude that φ = dF almost everywhere. Since φ is smooth, we know that F is also smooth. Hence = [φ] = 0.
Along the Ricci flow, we also have the following monotonicity formulae.
Assertion 7 Under the Ricci flow with bounded curvature, | |(t) is non-increasing.
Proof We only prove the monotonicity for | |(t). the other is the same. For every > 0, we choose a smooth one form φ 0 ∈ with compact support such that
We now study the equation
with initial data φ(0) = φ 0 . As we show in [5] , we know that the solution φ(t) exists as long as g(t) exists, and the solution is uniformly bounded. It is easy to verify that
In fact, we can solve the following diffusion equation We now give the proof of Theorem 2.
Proof As in [12] , we can choose a closed curve a representing α and a smooth one form φ ∈ with compact support. Then
(a, g(t)).
Here L (a, g(t) ) is the length of the curve a in the metric g(t). Since φ is arbitrary, we have , g(t) ).
Using the monotonicity of | |(t) | |(0), we get that
L(a, g(t))
, α | |(0) > 0.
